PRESCRIBING THE BINARY DIGITS OF PRIMES 

JEAN BOURGAIN 



Abstract. We present a new result on counting primes p < N = 2™ for 
which r (arbitrarily placed) digits in the binary expansion of p are specified. 

Compared with earlier work of Harman and Katai, the restriction on r is 

( \ 4/7 ... . 
relaxed to r < c t^- ■ This condition results from the estimates of 

Gallagher and Iwaniec on zero-free regions of L-functions with 'powerful' 

conductor. 



(0). Summary 

This work is motivated by the paper [H-K] on the problem described in the 
title. We prove the following 



Theorem. Let N = 2 n , n large enough, and A C {1, . . . , n — 1} such that 

n \ 4/7 

• (o.i) 

Jog n J 

Then, considering binary expansions x = Ylj<n x 3^ ( x ° = ^ an< ^ x i = 0' ^ f or 
1 < j < n) and assignments aj for j G A, we have 

N 

\{p < N; for j G A, the j-digit of p equals Xj}\ ~ 2 r - — — . (0.2) 



A few comments. Statement (0.2) can also be formulated as an asymptotic 
formula. Next, our result has an analogue for g-ary expansions (with essentially 
the same proof) and we restricted ourselves to q = 2 only for simplicity. 

This research was partially supported by NSF grants DMS-0808042 and DMS-0835373. 
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The paper [H-K] establishes a similar result under the assumption 

\A\ < c-^-. (0.3) 
logn 

A key ingredient in [H-K] and also here is the use of zero-free regions for 
L-functions L(s,x)- In particular, the restriction (0.1) follows from results 
of Gallagher and Iwaniec ([G], [I]) that provide the zero- free region 1 — a < 

c (log qT log 1 log qT) 3 / 4 ' 1^1 < ^ w ^ ere P — c + for special moduli q that are powers 
of a fixed integer (here q = 2 J ). This region is larger than what's available in 
the general case. Note that we dismiss here a possible Siegel zero, which is not 
a concern for q specified as above. Although the Gallagher-Iwaniec theorem is 
one of the elements in the [H-K] argument, its full potential was unfortunately 
not exploited. As in [H-K], we use the circle method but with a smaller minor 
arcs region, leading to more saving for that contribution. As one expects, the 
major arcs analysis is more involved. 

Note that there are two multiplicative character sums entering the discussion 
(after conversion of the exponential sums in the circle method) 

E A (»M") (°- 4 ) 

n<N 

and 

E /(»)*(") (°- 5 ) 

n<N 

where / = l^ x . =a . f OT jeA] or a suitably modified version. 

The main additional idea in this paper may be roughly explained as follows. In 
general, again dismissing Siegel zeros, L(s, x) h as a zero-free region 1— a < log c gT , 
|7| < T. But, as implied by the usual density estimates, for 'most' characters, 
this zero-free region is much larger leading to better bounds on (0.4). For the 
remaining 'bad' characters, which are few (including possible Siegel zeros), we 
seek non-trivial estimates on the sum (0.5). This is clearly reasonable, in view 
of the additive structure of /. Perhaps not surprisingly, it turns out that the 
only situation that escapes this analysis (that in fact can be carried out as long 
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r < nr E ) are precisely moduli of the form 2 3 . Thus at the end, it is the size of 
the [G], [I] zero-free region that dictates the restriction on \A\. 

1. Minor Arcs Contribution 



Let N = 2 n . Write 



denoting 



and 



J2 A (k)f(k)= / S(a) S f {a) da 
k<N Jo 



S(a) =J2Hk)e(ka) 



;i.2) 



S f (a) = J2f(k)e(ka). (1.3) 

We assume f(k) = for k even, since obviously k = 1 (mod 2) is a necessary 
condition. 

We fix a parameter 5 = B{n) which will be specified in §6. At this point, let 
us just say that log-B ~ n 4 / 7 , up to logarithmic factors. 

The major arcs are defined by 



M(q,a) = 



a 

a 

Q 



< 



B 

qN 



where q < B. 



(1.4) 



Given a, there is q < ^ such that 



a 

a 



B 1 



From Vinogradov's estimate (Theorem 13.6 in [I-K]) 

15(a) | < (q*N* + q-^N + (logiV) 3 

<< (^ + ^ + JV4/5 ) (logAr)3 



Hence if q > B, 



l^(«)l«^(logiV) 3 . 



;i.5) 
;i. 6 ) 
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Thus the minor arcs contribution in (1.1) is at most 

«-^(logiV) 3 ||S / || 1 . (1.7) 

Write k = J2 0<j<n kj2 j with kj = 0, 1. Given A C {1, . . . , n — 1} and aj = or 
1 for j G A, we define 



m = i[h c 



X 



jeA 

where < h Q < 1 is a smooth 1-periodic function satisfying 

'ho(t) = l ifI<t<I-I 
/io(t) = if | < t < 1 
{hi is defined similarly). Thus 

H/gii < Clogn (1.9) 

and, by approximation, we can assume that say 

supp/i a C [-n 3 ,n 3 ] (1.9') 

the additional error term (for suitably chosen h a ) being at most e~ n < and 
hence may be ignored. 

Note that in the formulation of the main theorem, we did not specify the 
error term as we do not intend to put emphasis on this aspect. Thus the 
function / introduced in (1.8) suffices for our purpose, while establishing an 
asymptotic formula with specified error term would require an approximation 
of the functions l[o,l[ an d which is better than given by h and h±. 

In particular / satisfies 

\\Sf\U < (Clogn)W. (1.10) 
Substitution in (1.7) gives then the bound 

-^L(Clogn)l A ln 3 . (1.11) 
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2. Major Arcs Analysis (I) 
Next, we analyze the major arcs contributions (q < B) 

J S(a)S f (a)da. 



(a ' q)=1 l«-f l<£ 



Write a = - + (3. Defining 



(2.1) 



m=l 



we have (see [D], p. 147) 



<f>{q) 

A. 

where by partial summation 



5] x(fc)A(fc)e(fc/3) 



.fe<AT 



0((logiV) 2 ) (2.2) 



^ X (fc)A(fc)e(fc/3) 



< (l + N\f3\)max\^(u, X )\ 

u<N 



B 



< — max \ib(u, y)|. 
q u<n y 



(2.3) 



We subdivide the multiplicative characters x in classes Q and B (to be specified), 
depending on the zero set of L(s, x)- 
Thus 



S(a) 



0(g) 



.k<N 



+ (2.4) + (2.5) 



where the first term comes from the contribution of the principal character Xo 
and 

( 2 -4) = ^) £ '<*>X<< 



x(mod g) 
XG5 



J2 x(k)A(k)e(k0) 



.k<N 



and 



(2 - 5) = W) z 



X(modg) 
X6B 
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Hence 



l(2 ' 4)l ^ 



max \ij>(u,x)\ 

u<N 
x(modq),x£G 



by (2.3). The contribution of (2.6) in (2.1) is at most 

(2.6). J \S f (a)\da. 

U(a, q )=l M (<l> a ) 

Summing over q < B and using the bound (1.10) gives the estimate 



B(C\ogn)\ A \{ max|V>(u,x)| 

I u<N 

where in (2.7) the conductor of x is at most B. 



(2.6) 



(2.7) 



3. Major Arcs Analysis (II) 
Next we treat x — Xo an d X e 

Assume x is induced by xi which is primitive (mod 91), qi\q. Then from [D], 
p. 67 

TK) = "(£N£> Tfc) (31) 

which vanishes, unless 92 — ^ is square free with (91,92) — 1- 
The contribution of x in (2.1) equals 



l(x) 



J2x(k)A(k)e(k(3) 



.k<N 



J/W X)x(a)e,(-afc) e(-^) 



,a=l 



(3.2) 



We have 



^e g (aA;)x(a) = e <?( aA; )Xi( a ) 

{a,q)=l 



o=l 



5^ e gi (aiA;)xi(ai) 

(oi,gi)=l 



e g2 (a 2 /c) 

(02,92)=! 
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= Xi(k)r(xi)c q2 (k) (3.3) 

(cf. [D], p. 65) and 

" to) *m> 



(cf. [D], p. 149). 
From (3.1), (3.3), (3.4) 

Tift. 

o=l 



0(g) 



c g2 (fe)= ' ; 7 x ■ (3-4) 



|t(Xi)| 2 Xi(?2) /, ,u (1A 



(f)(q 



(?2 

?1 Xl(<?2 



A*((?2,*0)xi(*0 (3.5) 



(cf. [D], p. 66). 

Returning to (3.2), rather than integrating in /3 over the interval \/3\ < 
we introduce a weight function 

'qN 



w 



where < w < 1 is a smooth bumpfunction on M such that w = 1 on [-1,1], 
supp w C [—2, 2] and 

\w(y)\ < Ce~^ 1/2 . 

(Note that this operation creates in (2.1) an error term that is captured by the 
minor arcs contribution (1.7)). 

Hence, substituting (3.5), (3.2) becomes 

(3.6) 

and we observe that by our assumption on w the k±,k2 summation in (3.6) is 
restricted to \ki — k 2 \ < jfn 3 , up to a negligible error. 

We first examine the contribution of the principal characters. 
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For X — X , qi — 1 and (3.6) becomes 



^ k 1: k 2 <N * ^V(g,fc 2 )/ 



Recall the distributional property of the primes ([I-K], Corollary 8.30) 

J^A(A;) =x + 0(xexp(-c(loga;) 3/5 (loglogx)-^) (3.8) 

k<x 

and also our assumption log 5 <C n 4//? . Performing the /ci-summation in (3.7), 
partial summation together with (3.8) give 

4 E - k ^)^ t jr44 + °( Nex P ( " cOog A0 3 / 5 (loglogA0-i)) 

^ ki,k 2 ^ ^H<?. fc 2)/ 

= E /WtTFT + ^(iVexp ( - c(logiV) 3 />glogiV)^)) 



(3.9) 



Let n(q) be a function satisfying the following 



Assumption A. Let q < B be odd and square free. Then 

f(k)=E[f]- + oUq )-2- r ) (3.10) 

qo \k,k<N q ° V q ° ' 

where E[/] denotes the normalized average. 



Remark. Since the function n(q) at this stage remains unspecified and its 
properties will be established later (in §4), we thought this presentation more 
desirable than making a more technical statement here (cf. (4.26)). 
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Assuming q square-free (sf) and odd, the first term of (3.9) equals 



E 



q'\q 



E /(*) 

(q,k)=q> 



E E mo 



£/(*) 



fc<W 



and substituting (3.10) we obtain 



9 'k ^^^^ ,"1* 



(3.11) 



Next 



+0 [ A^2- r ^ 

q'\q ' w/ 9"| 



7^ " 5'5 



7VE[/] if g = 1 
otherwise. 



(3.12) 



(3.13) 



Summing (3.12) over q < B sf and odd, we have the estimate (setting q± 
q'q") 



2 - rAr E 



gi<B 

91 s/ 



91 



1 



5^ 0((/")r)((/,) 

"|5i.(9i.«)=l V 7 V ^ 



Q2<Bsf 



10 
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< 2 _r iV(logB) 



E 

q<B 
qsf, odd 



K(q) 



(3.14) 



For q sf and even, set q = 2qi and note that the first term of (3.9) equals 

M?0 



Q'\Ql 



E /(*) 

(qi,k)=q' 



and we proceed similarly as above with the same conclusion and q replaced by 
qi. From the preceding, the contribution of the principal characters equals 



2E[/]iV + CiV2- r (logA0 5 



E 

q<B 

qsf 



K(q) 



+ BNexp ( - c(logiV) 3/5 (loglogiV)^). 

(3.15) 



Consider next Xi £ Xi primitive. 
Returning to (3.6), estimate by 

91 B E|EK>-^)$# 

ki<N k H ^\{q 2 ,k)) 

B 

•5jv 



0(g 



< ; : y, ~ ~ m & x 



q 2 \q 2 k,(k,q 2 )=q 2 



V «)(— (^-^/(^(fc) (3.16) 



We introduce another function a(?i,?o) satisfying 



Assumption B. 

Given (?o,<Zi < -B, (?o,?i) = 1 with Qo s / and odd, xi( m °d?i) primitive, 



< 2 r «(gi,g ) 



1^1 



(3.17) 



holds, whenever J C [1, iV] is an interval of size 



N 
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The function a(qi,q Q ) which enters in (3.17) will be studied in §4, §5 and in 
particular can be chosen to satisfy (5.11). Partial summation using the decay 
estimate on w and (3.17) implies the following bound on (3.16) 



2-AT(log Nf _*_y Mly a (<hM) 

q 2 



(3.18) 



Summation of (3.18) over sf q2 < B, (51,52) = 1 gives the following bound for 
the Ai-contribution 

«(5i,5s) 1 



2~ r iV(logiV) 3 qi 



E 



sf, odd 



E 



12 1 « 

g£"<B,(g?',g£')=l 



< 2- r N(logN) 



5 Qi 



E 



a (5i, 5s) 



#W I — B </* 

sf odd 



(3.19) 



The necessary information on the functions n(q) and a (51, 50) needed to bound 
(3.15) and (3.19) will be established in the next sections §4, §5. 



4. Further Estimates (I) 

Consider condition (3.10) and the expression (3.14). 
Let 

A = {j 1 <j 2 <•••<>} C {l,...,n}. 
Let 1 < Ji < J 2 < n (to be specified) and write 

x = ^ x i 2j + ^2 x $ + S ^ = u + v + 

j<Ji Ji<j<J2 J2<j<n 

We evaluate (assuming 50 odd) 



w. 



E/w = E 



w 



qo\u+v+w 

by evaluating the inner sum in v with u, w fixed. 
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Clearly 



jeA 

V 



j€A 



jeA 
J\<3<Jl 



jeA 

J2<j<n 



W 

2i +1 



Fix A J = J 2 — J\ > 10 log 5 and take J 1: J 2 satisfying 



n 



dist ({J u J 2 },A) > — 



and 



\An [Ji, J 2 ]| < 



lOrAJ 



n 



Since < n 2 , assuming 



we have 



r < 10- 



n 



logn 
/-</</+ 



+ 0(11^2^)]. 
(4.1) 

(4.2) 

(4.3) 
(4.4) 



with 



and 



jeA 

j<Jl 



Jl<j<J2 



h+ = h±2'~. 



j&A 

j>J2 



Note that 



Obviously 



and hence 



E[/+] - E[/_] < r2-^2^ < 2-^2- 
<£/(*) <£/+(*) 

qo\x q \x qo\x 



TV 



£/(*)--e[/i 



?o|a; 



< max 
± 



i 9o 

<J0F 



+ 2"T^— 2~ 
9o 
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Assume that for fixed u, w 



e n ^ 

v=— u— w jfzA 
(mod go) Ji<j<J2 



)AJ 



2W qo 



-E 



n »h 

Jl<j<J2 



< 



oAJ 

K ( go )^ 2 -l An [ Jl ' j2 ]l. 



It will follow that 



i Qo 

qo\x 



N 

< n(q )2- r - 
Qo 



(and similarly for /_). 
Denote 

A' = An] Ji, J 2 ] = Ji - 1 + {j[ < ■ ■ ■ < f ri } where n < 



lOAJ 



Expanding as a Fourier series, we get 

lW^)-«i---i= E" 



jeA' 



E 

\jeA' 



where refers to those {bj}j e A' with ^2 jeA , 2 j+^--h ^ O(modl). 



Recall that \bj\ < n 3 and 



E n im 6 *)i < (ciog^r- 



Clearly, the left side of (4.5) is at most 
2 aj 

Qo 



+ 2- n 



and we may take in (4.5) 
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Denote f3 s = 5,-/(1 < s < r±). Fix {/3 S } such that 



^T^O(modl) 



s=l 



(4.9) 



and estimate for given Q < B 



(4.10) 



q~Q 
q odd 



Since q is odd, q ^E s j = -jr- ^ 0(mod 1) and, if (4.10) ^ 0, necessarily 



2"#i < n 2 Q2~ AJ , 2-w ( < } 2 J2 - Jl -A < n 2 Q, implying 

g > 2T??. 



(4.11) 



Let (4.10) = §, K < Q. From the pigeon hole principle, there is some 



1 < qi < K and < ai < qi with 



Efts _ d\ 



< 



n 2 Q 

2 AJ' 



(4.12) 



Note that q\J2^\< 4 Qjf • If 2j[ > 85 ™ 3 > ^ would follow that Ik- ( E Jt) II = 
g|E|H < Qn 2 2~ AJ and 2~#i < 2n J '2- AJ , contradicting (4.2). 



2Js 

Hence 2# < 8n 3 B. 

Let .D ^> 1 be another parameter with 

n D < -^AJ. 

Clearly there is some 1 < s < r x such that 

4 <j[ + riD 

and, if s < n, 



Hence 



4+1-4 >£>■ 

2 J *o < 8n 3 52 riD . 



(4.13) 

(4.14) 

(4.15) 
(4.16) 
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By (4.12), (4.15) 



E Ps _ Ol 

s<s 



< 



n 2 B n 3 



1 



2 AJ + 2 j' S0 +D < 2j , Q + i D 



assuming 

D > lOlogn and AJ > 10 log B 
(4.17) implies that either q\ > 2^ D , hence 

K>2^ D 



or 



(mod 1). 

Assuming (4.20), we deduce from (4.10), (4.12) that 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



qqi I £ 2i 



< 



n 2 qiQ 
2 AJ 



and 



S>SQ 



< 



n 2 g 

2 AJ- 



By (4.18) and the preceding, ||^i(£ s>so |f ) || = ggi|| £ S>S() 4 II so that 
' fsr- Again using that 

(modi) and 



^7-11 < ISr- Again using that j' < A J-^-, it follows that Y\ 4- 



y 4 = -^0(modl) 

^ 2?'. Qi 
s 

recalling (4.9). 

But then from (4.10), since q\ is a power of 2 and q is odd 



(4.21) 



< 



ai 
i — 



< 



n 2 B 
2^7 



(a contradiction). 
Thus (4.19) holds and 



(4.10) < 2~* D Q. 



(4.22) 
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Returning to (4.8), (4.7), (4.22) and the bound r l < ±^ imply that 

q~Q 
q odd 

Recalling (4.13), take D = Taking A J ~ log B and assuming 

n 2 

log B < c(log log n) l — 

we obtain 

(4.23) < 2" 10_3 ^Q. 
Returning to (3.14), it follows in particular from the preceding that 

A^Qogi?) 2 J2 ~ < 

q<B Q 
q sf, odd 

iV2- r (log5) 2 (2-T^.log5 + 2- 10_ ^log5) < N2- r 2- w ~ 4 T 
assuming (4.4), (4.24). 



(4.23) 



(4.24) 
(4.25) 



(4.26) 



Going over our analysis, it is clear that in (4.5) the condition v = — u — 
w(modgo) can be replaced by v = a(modg ) f° r arbitrary a. Also, J\ may be 
taken at least |, so that the element v = 0(mod2[?l). 

This variant of the above argument gives the following statement. 

Let q < B be odd and m < |. Then 



x=ao(mod qo) 
z=a'(mod2 m ) 



E /(x) = -[l + 0(«(gb) + 2-*)] E fU) . (1.27) 

(mod2 m ) 

From (4.27), we derive a character sum estimate relevant to (3.17). 

Let qi = gi2 m (l < q\ odd), q\ < B and Xi — XiX' with Xi non-principal 
(mod 91) and x'(niod2 m ). Let 93 < B be square free, odd and (91,93) = 1. 
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We apply (4.27) with q = qiq 3 . Clearly 

qi 



93 k 



2 m -i 
o'=l 



5>(°) £ /(*) 



0=1 



iE tt '(mod 2 m ) 
z=a(mod gi) 
93^ 



(4.27) 1 

< -(K(Mi) + 2-^)2- r 7V. 

93 



Similarly, if J C [1, AT] is an interval of size ^ 



£ Xi(aO/(aO 

xeJ,q3|a; 



<-(«(939i) + 2-^)2- r |J| 

93 



Hence, in (3.17) 

«(9i,93) < «(g 3 gi) + 2~i^ 
Recall (4.23), (4.25), it follows that in (3.19) 



«(?35l) 



q:i<B 



93 



93 <B 



93 



<(log J B)2-^+g 1 ^ 



q<Bq x 



which is conclusive for 1 < q ± < 2^ 10 3 ? . 
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(4.28) 



(4.29) 



(4.30) 



(4.31) 



5. Further Estimates (II) 
Next, we establish a second bound on a(q±, q ). 

Take J = [1, AT]; the adaptation for J an interval of size ^ is straightforward. 
Proceeding as in §4, take J\ < J 2 satisfying (4.2), (4.3) and A J = J 2 = J\ ~ 
log B. Write x = E,< Jx ^ + Ej^j, xfi + Ej 2 < 3 <« =u + v + w. 
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Evaluate 

\j2f( k )Mk)\ <J2\ J2 f(u + v + w)X 1 (u + v + w)\ (5.1) 

qo\k u,w v=—u—w 

by evaluating the inner sum with u,w fixed (= refers to (mod go))- 
Using the notations from §4 

(«)<e n Kl) n KDI £ n 

u,w j€A,j<Ji j£A,j>-h v=-u-w jeA,Ji<j<J 2 

(5.2) 

+2"* (5.3) 

It follows in particular from the analysis in §4 that 

(5.3) < 2~^2~ r -. (5.4) 

Denoting F(v) = Yi jeA ,j l<j<j2 h(^j, we have (cf. (4.7)) 

||F||i < (Clogn) |An[Jl ' j2]l 

< (Clogn) 10 ^ AJ by (4.3) 

<s c^loglogn ^ 

Recall that (qo,Qi) = 1 and A\(mod(7i) is primitive. 

Expanding F in additive characters (modgi) and applying the Gauss sum 
bound, it follows from the preceding that 

V F^X^u + v + w) <(log ?1 )S^ Ioglogn fl + ^) v ^- ( 5 - 6 ) 

v=— u— w 

Hence 

(5.2) < 2 n - AJ -l A \[ Jl ' j2 ll. (5.6) 

G « B n <?oV<?i 2 H 

A^2- r / 1 1 



an V ygT/ 

(— + — B C ^ l °S^gn\ for appropriate A J „ log ^ 



< 
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< ^l-L^loglogn (5 J) 

and it follows that 

a(q u q ) < + _L B^iogiogn (5.8) 
Hence in (3.19), there is also the estimate 

E « <2 - 4(l0gB) + i^ (l0gB) . (510) 

Combined with (4.31), it follows that for gi > 1 

J2 Q (gl'g3) <2 -ll0- 3 7 (5.11) 



provided 



log 5 < c— (loglogn) -1 . 



as already implied by (4.24). 

6. Conclusion of the Argument 

In this section, we address the subdivision in 'good' and 'bad' characters and 
complete the argument. 

Denote N(a, T; x) the number of zero's of L(s, x) such that 
a<<7<l,|t|<T (s = a + it). 
Then (see [Bom], Theorem 14) 

Ar («) = E E* N(a,T;x)^(TQf( l - a) (6.1) 

q<Q x( m °dg) 

where Yl* refers to summation over primitive characters. 

Let x be a non-principal character. From Proposition 5.25 in [I-K], for T < x 

x p — 1 „ / x 
P 



Mx,x) = - £ ^^ + 0(|(logxg) 2 ) (6.2) 



L(P,X)=0 

h\<T 
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where p = (5 + 27. We denote 

V = V(x) = mm(l - f3) (6.3) 

with min taken over all zero's p of L(s, x) with |7| < T. 

The subdivision of characters in classes Q and B depends on whether rj > rj* 
(resp. rj < rf) with rj* to be specified. Recall also that q < B. 

It follows from (6.2) that 
and from the density bound and (6.3), assuming qT < x^o 

"1-7, 



(TQ) S 



T 



Hence, for all x, 

|^, X )|<(gT) 20 + ^f^ + ^. (6.5) 

Fix B < T = T(N) < Nim. Assuming r] > 77,, substitution of (6.5) in (2.7) 
gives (r = \A\) 

B(C\ogn) r j(5T) 20 + ^ + iV 1 "*"* j . (6.6) 

If we let 

* = °hiN (6 ' 7) 
(with appropriate C > 0), the contribution of 

£? = {x(modg);g < 5,?7(x) > 77*} 

in (2.7) will be bounded by 

B(Clogn) r n 2 ^. (6.8) 
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Next, consider the contribution of primitive xi( m °dgi) in B, given by (3.19). 
Assuming q\ > 1, (5.11) implies 

Xi&B ^ qi > q 3 <B qZ 
qz sf, odd 

where again by (6.1) 

|£>l — |{Xi primitive (modgi) with q 1 < B and r)(xi) < < (TB) 8v *. 

(6.10) 

Hence 

(6.9) < 2- r iV2-3 1(r3 ? (6.11) 

provided 

Tl 

logT<c^= (6.12) 

(for appropriate c > 0). 
Recall also assumption (4.24) 

log 5 < c(loglogn)^ 1 — . (6.13) 

Finally, consider the case q± = 1, i.e. qi is a power of 2. 

From the Gallagher- Iwaniec result (cf. [H-K], Lemma 5), we obtain the fol- 
lowing improved zero-free region 

v(Xi) > [(\ogq 1 T)(\og\ogq 1 T)r 3 / 4 » (log T. log log T)~ 3 / 4 . (6.14) 

In order for x to be induced by such xi to be in Q, we require 

^<c(logT.loglogT)- 3 / 4 

i.e 

logT < n 4/7 (logn)- 3/7 . (6.15) 
Collecting the bounds (1.11), (6.8), (3.15), (4.26), (3.19), (6.11), we obtain 

(1.1) - 2E[/]7V = 



(6.16) 



r<[^-) (6-17) 
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N2 - rQ ( n*(Clo g ny n*B(Clo g n Y £ y fr** , + 2 
I VB T h V (logn) 1/5 / 

Fix < 7 < 1. If we let 

B = n 6 (C log n) 2r 7 ~ 2 and T = n 8 (Clogn) 3r 7 - 3 
and in order to fulfill (6.12), (6.13), (6.15), we assume 

4/7 

\ogn 

then (6.16) implies 

(1.1)-2E[/]7V< 7 E[/]. 

This proves the following 



Theorem. Let N = 2 n , n large enough. Under assumption (6.17), choosing a 
set Ac {1, . . . ,n}, \A\ = r of binary digits and assigned values aj = 0, 1 for 
j G A, we have 

\{p < N;p has j -digit equal to otj for j G A}\ = 



The argument permits to give a better error term that we do not specify here. 
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